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Abstract—Total energy consumption of a micro-architecture
directly depends on the switching factors of the internal nodes.
Weinberger and Ling are the most widely used binary addition
algorithms that are used in microprocessor adders. In this paper,
the switching activity behaviors of those well known addition
recurrence structures are explored. The formulae for estimation
of switching activity rates of signals given the probabilities of
input signals are derived. The results reveal that the preference
of one addition algorithm to other one in terms of switching
factors depends on the statistical properties of the input signals
as well. The addition algorithms are examined on Kogge-Stone
structure and it is possible to save energy up to 20% by selection
of the proper addition algorithm in 64-bit adders.

I. I NTRODUCTION
In the recent years, the energy efficient design have gained
more attention and for highly utilized functional units, especially for the adders, energy efficient design becomes the
first concern. The energy consumption of a microprocessor
adder depends on the circuit sizing, the addition algorithm,
the recurrence structure and the wiring complexity. Each adder
structure has different trade-offs and the prior selection of
proper adder topology is an important design strategy. For a
fair comparison of different designs, switching activities are
required to be considered for each structure.
Energy-Delay estimation technique is a quick and accurate
method which can be used to compare different adder topologies and sizing methodologies [2]. A model for a quick way of
energy estimation is proposed in [2], [5]. This technique has
been used to compare different adder designs. As a typical
scenario in adders, a chain of gates is shown in Figure 1. The
delay estimation is done by use of Logical Effort [1]. Similar
to the delay estimation, the energy consumption of the driver
gate can be approximated by eq. 1:
E = {Ep WG + Eg (WL1 +...+WLN ) }α0−>1 + Elk

(1)

where Ep(fJ/µm) is the energy factor for internal parasitic capacitance of driver, WG (µ) is the size of driver
gate, Eg(fJ/µm) is the energy factor for external loads,
WL1 ,...,WLN (µ) are the sizes of loads and α0−>1 is the
switching activity rate at node X in Figure 1. Elk is the leakage
energy consumption at non-switched nodes.
For accurate energy estimation, sizes of logic
gates(WG ,WL s), energy factors(Eg ,Ep ) which can be obtained
from technology characterization and switching factor of
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internal nodes are required. However, the requirement of
switching factor of internal nodes makes the energy estimation
difficult to apply. The switching behavior of a logic gate
depends on the inputs and the function of the gate. Weinberger
and Ling are two most widely used binary addition algorithms
in high performance VLSI adders. More explanations about
the addition algorithms are provided in Section II. Weinberger
and Ling have different kind of logic gates on the carry
recurrence and sum path. Also, the internal connections differ
for each algorithm. Therefore, it is possible to get energy
savings by preferring one of the addition algorithms which
has less switching activity rate.
The paper is organized as follows; section-II explores addition algorithms, section-III gives a method to calculate the
switching activities of all nodes for static KS adders. The
HSpice simulation results and energy comparison of addition
algorithms are given in section-IV and section-V concludes
the work.
II. ADDITION ALGORITHMS
As mentioned before, Weinberger and Ling are the most
widely used addition algorithms in CMOS technology. Dorans
transformations are not suitable for efficient CMOS realization [3], [6]–[8]. Doran shows that the recurrences they
are more suitable in CMOS technology are Weinbeger and

recurrence than Weinberger recurrence.
III. SWITCHING ACTIVITY CALCULATION
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Ling [8]. As a brief explanation, Weinberger [6] introduced
the concept of generate and propagate signals to allow parallel computation of carry signals to increase the speed of
addition. Ling transformation simplifies the carry recurrence
of Weinbeger at the cost of an increase in sum complexity as
compared to Weinberger [3]. Also, Ling recurrence may give
better performance than Weinberger [3]. For accurate energy
comparison of those well-known recurrence algorithms, the
switching activity of internal nodes needs to be considered.
Kogge-Stone (KS) is the one of the well known high performance and minimum depth parallel prefix adder structure, but
it has high wiring complexity and energy consumption [4],
[9]. This structure can be implemented by Weinberger and
Ling addition algorithms and the schematic of 16-bit KoggeStone adder with Weinberger addition algorithm is shown in
Figure 2 as an example.
The logic gates in carry path for both addition algorithms are
the same except the first carry merge stage. Ling recurrence
uses NAND gate in the first carry merge stage that is OAI
gate in Weinberger. Also, the internal connections of gates are
different from each other. In addition to them, sum generation
blocks includes different logic gates and their complexities
are different. The number of internal nodes is higher in Ling

It is possible to explore both addition algorithms in all
paralel prefix adder structures [4]. As a sample case, they are
explored on Kogge-Stone structure. Under the assumption that
all input signals of the circuit are spatially and temporally
uncorrelated, switching activity of intermediate and output
signals could be easily computed [10]. For a signal χ, let
the probability of χ being logic ‘1’(‘0’) be denoted by p1 (χ)
(p0 (χ)). The switching from logic 0 to 1 by the signal χ is
referred as the switching event. The probability of this event is
denoted as p0−>1 (χ) and switching activity can be calculated
from the signal probability as:
p0−>1 (χ) = p0 (χ) p1 (χ)

(2)

The carry signals in Weinberger recurrence can be calculated as:
Ci = gi−1 + ⊕ pi−1 Ci−1

(3)

In eq. 3, the terms of gi−1 , ⊕ pi−1 and Ci−1 are independent
and the probability of carry signals can be calculated as:
p1 (Ci ) = p1 (gi−1 ) + p1 (⊕ pi−1 ) p1 (Ci−1 )

(4)

The probabilities of p1 (gi−1 ) and p1 (⊕ pi−1 ) are easy to
calculate. The probability of p1 (Ci−1 ) signal can be calculated
from previous carry by use of eq. 4. Therefore, the probabilities of all carry signals can be calculated from previous
carry signals iteratively. Other signals for Weinberger and Ling
recurrences can be calculated in the same way as well.
The signals generated in Weinberger and Ling addition
algorithms are given in Table I. The signal probabilities for
those addition algorithms are given in Table II. Formulae are
derived assuming inputs ai and bi s have an equal probability
of ν. The probability of the input carry signal is κ. Given
the input signal probabilities first the bitwise generate (gi )

TABLE I
S IGNALS IN W EINBERGER AND L ING A DDITION A LGORITHMS (N- BIT )
Weinberger

Ling

Inputs

ai
bi
c0

input a(i=0,1,...,N-1)
input b(i=0,1,...,N-1)
input carry

ai
bi
c0

input a(i=0,1,...,N-1)
input b(i=0,1,...,N-1)
input carry

PreProcessing

gi =ai bi
+ p =a +b
i
i i
⊕ p =a ⊕ b
i
i
i

bitwise generate
bitwise propagate(or)
bitwise propagate(xor)

gi =ai bi
ti =ai +bi
⊕ p =a ⊕ b
i
i
i

bitwise generate
bitwise propagate(or)
bitwise propagate(xor)

Carry Block

ci =gi +pi ci−1
Gi:j =Gi:k +Pi:k Gk−1:j
Pi:j =Pi:k Pk−1:j

carry
group generate
group propagate

hi =gi +ti−1 hi−1
Hi:j =Hi:k +Ti−1:k−1 Hk−1:j
Ti:j =Ti:k Tk−1:j

pseudo-carry
group pseudo-carry
group propagate

Outputs

si =ai ⊕ bi ⊕ ci

sum

cN =gN −1 + pN −1 cN −1

output carry

si = {
cN = {

ai ⊕ bi ,

ai ⊕ bi ⊕ ti−1 ,
gN −1 ,
gN −1 + tN −1 tN −2 ,

hi−1 =0
hi−1 =1
hN −2 =0
hN −2 =1

sum
output carry

TABLE II
S IGNAL PROBABILITIES FOR W EINBERGER AND L ING ADDITION ALGORITHMS . S IGNAL PROBABILITIES OF L ING RECURRENCE THAT ARE NOT SHOWN
ARE SAME AS FOR W EINBERGER .
Weinberger

Ling

p1 (ai ) = ν
p1 (bi ) = ν
p1 (c0 ) = κ
p1 (gi ) = ν 2
p1 (+ pi ) = ν(2-ν) = γ
p1 (⊕ pi ) = 2ν(1-ν) = β
p1 (ci ) = ν 2 (1-β i )/(1-β) +κβ i
p1 (Gi:j ) = ν 2 (1-β i−j+1 )/(1-β)
p1 (Pi:j ) = γ i−j+1
p1 (si ) = β + (1-2β)(ν 2 (1-β i )/(1-β)+κβ i )

p1 (ti ) = ν(2-ν) = γ
p1 (hi ) = ν 2 + (1-ν 2 )p1 (ci )
p1 (Hi:j ) = ν 2 + (1-ν 2 )p1 (Gi−1:j )
p1 (Ti:j ) = γ i−j+1

TABLE III
S IGNAL PROBABILITIES FOR THE CARRY- BLOCK OF A KOGGE -S TONE ADDER
Weinberger

Ling

ν 2 (1+β)

.
.
.

p1 (Gi:i−1 ) =
p1 (Pi:i−1 ) = γ 2
p1 (Gi:i−3 ) = ν 2 (1-β 4 )/(1-β)
p1 (Pi:i−3 ) = γ 4
.
.
.

Level L

p1 (Gi:i−2L +1 ) = ν 2 (1-β 2 )/(1-β)

Level 1
Level 2

.
.
.

L

p1 (Pi:i−2L +1 ) =
.
.
.

L

γ2

and propagate (pi , ti ) are calculated. Using these probability
(ν 2 , β, γ) values, the more complex carry (ci ), pseudo-carry
(hi ), group generate (Gi,j ), group propagate (Pi,j , Ti,j ), group
pseudo-carry (Hi,j ), and sum (si ) signals are calculated. The
switching activity of the signals is calculated using eq. 2.
Using the recurrence schemes of Weinberger and Ling,
many adders have been proposed in literature. They use different combinations of the group generate and propagate signals
to create carry/pseudo-carry signals. The probability formulae
given in Table II can be used to find the signal probabilities
of any adder using Weinberger or Ling recurrence. Table III
shows the probabilities of the signals in the carry block of a
Kogge-Stone adder with Weinberger and Ling recurrence.
Note that, generate signals that are at the same level, either
Weinberger or Ling, are all equal. This also holds for propagate
signals. Note also that, group-generate and group pseudo-carry
signals are not equal. That is, one recurrence scheme may be
preferable to the other because of having less overall switching
activity. Preference is expected to change depending on the
input probability.
IV. RESULTS
The switching activities are calculated by use of the formulae given in Table II and III. The average switching activities

p1 (Hi:i−1 ) = ν 2 (2-ν 2 )
p1 (Ti:i−1 ) = γ 2
p1 (Hi:i−3 ) = ν 2 +(1-ν 2 )ν 2 (1-β 3 )/(1-β)
p1 (Ti:i−3 ) = γ 4
.
.
.
p1 (Hi:i−2L +1 ) = ν 2 +(1-ν 2 )ν 2 (1-β 2
p1 (Ti:i−2L +1 ) =
.
.
.

γ2

L

−1 )/(1-β)

L

for each addition algorithms over different input probabilities
are given in Figure 3. The results are calculated by averaging
switching activities at all nodes. It shows that, Weinberger
algorithm has lower average switching activity in region-I and
Ling has lower switching factor at region-II. Therefore, it is
expected to get lower energy consumption from Weinberger
algorithm in region-I and from Ling algorithm in region-II
under the same operating conditions. In region-I, the inputs are
dominated with logic low and in region-II, they are dominated
with logic high.
64-bit Kogge-Stone adder with Weinberger and Ling addition algorithms are implemented in 45nm technology operating
at 1V under typical process conditions at a temperature of
25o C. Both circuits are sized for optimum delay in MATLAB
using Logical effort theory [1]. Both implementations have the
same input/output loading constraints. To estimate the wire
capacitance, a bit-pitch of 2 microns is used.
The HSpice results for energy consumption of each implementation are given in Figure-4. Energy consumption of each
design is measured by applying input vectors with fixed input
probabilities and then averaging them to obtain the average
energy consumption of the design with given input probability.
This process is repeated for different input probabilities. As
seen in Figure-4, Weinberger saves 16% energy when the

with logic high). The number of nodes for Ling algorithm is
higher than Weinberger and this decreases the possible power
savings of Ling algorithms in terms of average switching
activity.
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